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Angular momentum at null infinity in higher dimensions
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We define the angular momentum at null infinity in higher dimensions. The asymptotic symmetry
at null infinity becomes the Poincare´ group in higher dimensions. This fact implies that the angular
momentum can be defined without any ambiguities such as supertranslation in four dimensions.
Indeed we can show that the angular momentum in our definition is transformed covariantly with
respect to the Poincare´ group.
PACS numbers: 04.20.-q, 04.20.Ha
I. INTRODUCTION
Motivated by the string theory and the scenario with large extra dimensions such as the TeV scale gravity [1, 2],
the gravitational theory in higher dimensions has been investigated [3]. Then it has been realized that the higher
dimensional gravity has much different features from that in four dimensions. As one of such differences, there is
an issue of the asymptotic structure of the spacetime [4–10]. The asymptotically flat spacetime has two asymptotic
infinities: spatial infinity and null infinity. At spatial infinity we can define the global conserved quantities of spacetime
such as the mass and angular momentum. In addition the multipole moments of spacetime is also defined at spatial
infinity [11, 12]. These multipole moments can be used to classify the black hole solutions. At null infinity, the
asymptotic structure describes dynamical properties of the spacetime because gravitational waves can reach at null
infinity. Then the study of the asymptotic structure at null infinity is indispensable when one considers the dynamical
phenomena such as the perturbation for black holes and the formation of higher dimensional black holes in particle
accelerators. As a fundamental aspect of the general relativity, the notion of the asymptotic flatness at null infinity
is also necessary for the rigorous definition of black hole [13].
The asymptotic structure at null infinity in higher dimensions has been investigated using the conformal method
in Refs [5–7]. In the conformal method, spacetime is conformally embedded into the compact region of the another
spacetime and the null infinity is defined as the boundary of the spacetime. The asymptotic structure at null infinity
can be investigated using the introduced conformal factor Ω ∼ 1/r as a coordinate. Therein the null infinity is defined
on Ω = 0. However, there is one problem in this treatment. The gravitational waves behave near null infinity with a
half integer power of Ω in odd dimensions. At first glance, this shows the non-smoothness of the gravitational fields at
null infinity in odd dimensions. Because of this non-smooth behavior of the gravitational fields, using the conformal
method, we cannot define the asymptotic flatness at null infinity in odd dimensions.
In the Bondi coordinate method Refs. [8–10, 14, 15], on the other hand, we can define the asymptotic flatness
at null infinity in arbitrary higher dimensions and safely investigate the asymptotic structure at null infinity. In the
analysis of the asymptotic structure, it was found that the Bondi mass always decreases due to the gravitational waves
and the asymptotic symmetry at null infinity is the Poincare´ group.
It is reminded that the asymptotic symmetry is not the Poincare´ group in four dimensions. The asymptotic
symmetry in four dimensions is the semi-direct group of the Lorentz group and supertranslation. The supertranslation
has the functional degree of freedom and then it is the infinite dimensional group. This means that there are infinite
directions of the translation which causes the ambiguities in the definition of the angular momentum. Although there
were many efforts to define the angular momentum [16–20], there is no sharp definition without any ambiguities in
four dimensions.
In higher dimensions it was shown that the asymptotic symmetry at null infinity is the Poincare´ group [8, 10].
The n-dimensional Poincare´ group has the n directions of the translation. In this paper, we define the angular
momentum at null infinity in higher dimensions and shows that it has no ambiguities. In fact the angular momentum
is transformed covariantly with respect to the Poincare´ group. Note that the study of the angular momentum at null
infinity was performed in five dimensions [9]. In this paper, we generalize this analysis to arbitrary higher dimensions
following our previous work of Ref. [10].
The organization of this paper is as follows. In the next section, we review our previous work on null infinity [10].
Therein, using the Bondi coordinates, we introduce the definition of null infinity in arbitrary dimensions. We also
discussed the asymptotic symmetry at the null infinities briefly. In Sec. III, we define the Bondi angular momentum
together with the Bondi mass/momentum and show its radiation formulae using the Einstein equations. In Sec. IV, it
will be shown that the angular momentum defined here is transformed covariantly under the transformation generated
by the asymptotic symmetry. Finally we give the summary and outlook in Sec. V.
2II. REVIEW OF OUR PREVIOUS WORK
In this section we review our previous work [10]. First we introduce the Bondi coordinates adopted here and write
down some components of the Einstein equation explicitly. Solving them we specify the boundary condition which
gives us the definition of the null infinity. Then we discuss the asymptotic symmetries at the null infinity.
A. Bondi coordinates and Einstein equations
We introduce the Bondi coordinates in n dimensions. First we assume the function u which satisfies ∇ˆau∇ˆau = 0
where ∇ˆa denotes the covariant derivative with respect to n-dimensional metric gab. u is used as the time coordinate.
Next the angular coordinate xI is defined as ∇ˆau∇ˆaxI = guI = 0. We define the radial coordinate r as
√
det gIJ =
rn−2ωn−2 where ωn−2 is the volume element of the unit (n − 2)-dimensional sphere Sn−2. Then the metric in the
Bondi coordinates xa = (u, r, xI) can be written as
ds2 = gabdx
adxb
= −AeBdu2 − 2eBdudr + γIJ(dxI + CIdu)(dxJ + CJdu). (1)
In this coordinate system, the null infinity is defined at r =∞ and its topology is R× Sn−2. For the convenience of
our discussion, we define hIJ as γIJ = r
2hIJ with the following gauge condition√
dethIJ = ωn−2. (2)
We provide the Einstein equations in the Bondi coordinates. The vacuum Einstein equations can be decomposed
into the constraint equation without the u derivative terms and evolution equations with the u derivative terms.
The constraint equations are Rˆrr = 0, RˆaIγ
IJ = 0 and RˆIJγ
IJ = 0. Rˆab is the Ricci tensor with respect to gab.
Using the formulae in Appendix A and Sec. II in Ref. [10], we can write the equation Rˆrr = 0 as
B′ =
r
4(n− 2)h
′
IJh
′
KLh
IKhJL, (3)
where the prime denotes the r derivative. The equation RˆrJγ
IJ = 0 yields
1
rn−2
(rne−BhIJC
J ′)′ = −(h)∇IB′ + n− 2
r
(h)∇IB + (h)∇Jh′IJ , (4)
where (h)∇I is the covariant derivative with respect to hIJ .
From RˆIJγ
IJ = 0, we obtain
(n− 2)(r
n−3A)′
rn−2
= −(h)∇ICI ′ − 2(n− 2)
r
(h)∇ICI − r
2e−B
2
hIJC
I ′CJ
′
− e
B
2r2
hIJ (h)∇IB(h)∇JB − e
B
r2
(h)∇I(hIJ (h)∇JB) + e
B
r2
(h)R, (5)
where (h)R is the Ricci scalar of hIJ . Once hIJ is given on a surface u = u0, we can obtain the metric functions A,B
and CI by solving the constraint equations (3), (4) and (5) on the surface.
The evolution equation is contained in RˆabγI
aγJ
b = 0 as
e−B
[
r2h˙
′
IJ +
n− 2
2
rh˙IJ − r
2
2
h˙IKh
′
JLh
KL − r
2
2
h˙JKh
′
ILh
KL
]
− Ae
−B
2
[
r2h
′′
IJ + (n− 2)rh
′
IJ + 2(n− 3)hIJ−r2hKLh
′
IKh
′
JL
]
− A
′
e−B
2
[
r2h
′
IJ + 2rhIJ
]
− e
−B
2
[
2r2LCh
′
IJ + (n− 2)rLChIJ + r2LC′hIJ − r2h
′
JLh
KLLChIK
− r2h′ILhKLLChJK + (h)∇KCK(r2h
′
IJ + 2rhIJ)
]
− e
−2B
2
r4hIKhJLC
K ′CL
′ − (h)∇I (h)∇JB − 1
2
(h)∇IB(h)∇JB + (h)RIJ = 0, (6)
where (h)RIJ is the Ricci tensor with respect to hIJ and the dot denotes the u derivative. The evolution of hIJ in
the Bondi coordinates is determined by Eq. (6).
3B. Asymptotic flatness at null infinity
The asymptotic flatness at null infinity is defined by the boundary condition at null infinity in the Bondi coordinates
(1). In n dimensions, the boundary conditions for the asymptotic flatness at null infinity are
hIJ = ωIJ +O
(
1
rn/2−1
)
, (7)
where ωIJ is the unit round metric on S
n−2. The boundary conditions for the other metric functions are determined
by the constraint equations of Eqs. (3), (4) and (5) as 1
A = 1 +O
(
1
rn/2−1
)
, B = O
(
1
rn−2
)
, CI = O
(
1
rn/2
)
. (8)
Let us see the above solving the constraint equations explicitly. We will use some equations for later discussions.
First, we expand hIJ near null infinity as
hIJ = ωIJ +
∑
k=0
h
(k+1)
IJ
rn/2+k−1
, (9)
where the summation is taken over k ∈ Z in even dimensions and 2k ∈ Z in odd dimensions. The indices I, J, . . . are
raised and lowered by ωIJ . From the gauge condition of Eq. (2), we find that h
(k+1)
IJ is traceless ω
IJh
(k+1)
IJ = 0 for
k < n/2− 1 and, for k = n/2− 1,
ωIJh
(n/2)
IJ =
1
2
h(1)IJh
(1)
IJ . (10)
Solving the constraint equation (3), we have
B =
B(1)
rn−2
+O
(
1
rn−3/2
)
, (11)
where
B(1) = − 1
16
ωIKωJLh
(1)
IJ h
(1)
KL. (12)
From Eq. (4), CI is obtained as
CI =
k<n/2−1∑
k=0
C(k+1)I
rn/2+k
+
jI
rn−1
+O
(
1
rn−1/2
)
, (13)
where, for k < n/2− 1,
C(k+1)I =
2(n+ 2k − 2)
(n+ 2k)(n− 2k − 2)∇Jh
(k+1)IJ (14)
and ∇I is the covariant derivative with respect to ωIJ . jI is the integration function in the r integration of Eq. (4).
As seen later, we can see that jI represents the angular momentum of the spacetime at null infinity.
Integrating Eq. (5) we find
A = 1 +
k<n/2−2∑
k=0
A(k+1)
rn/2+k−1
− m
rn−3
+O(r−(n−5/2)), (15)
1 The condition for B will be relaxed to B = O(r−n/2) for non-vacuum cases [21]. In our present paper, we will focus on the vacuum
cases. It is easy to extend our result to non-vacuum cases.
4where, for k < n/2− 2,
A(k+1) = − 2(n+ 2k − 4)
(n− 2k − 4)(n+ 2k − 2)∇
IC
(k+1)
I
= − 4(n+ 2k − 4)
(n+ 2k)(n− 2k − 2)(n− 2k − 4)∇
I∇Jh(k+1)IJ .
(16)
m is the integration function and reflects the energy-momentum of the spacetime at null infinity. For k = n/2 − 2,
the left-hand sides of Eqs. (4) and (5) vanish. Then the right-hand sides of Eqs. (4) and (5) provide the following
constraint equations
∇IC(n/2−1)I = 0, (17)
∇I∇Jh(n/2−1)IJ = 0. (18)
In addition, for k = n/2− 1, we have 2
∇Jh(n/2)IJ = 2∇IB(1)+∇J
(
1
2
h
(1)
IKh
(1)JK +
1
8
ωI
Jh
(1)
KLh
(1)KL
)
. (19)
We can solve the evolution equation of Eq. (6) as
(k + 1)h˙
(k+2)
IJ = −
1
2
(n− 2k − 4)A(k+1)ωIJ + 1
8
[
n2 − 6n− (4k2 + 4k − 16)
]
h
(k+1)
IJ
+
1
2
(
−∇2h(k+1)IJ + 2∇(I∇Kh(k+1)J)K
)
− 1
2
(n− 2k − 4)∇(IC(k+1)J) −∇KC
(k+1)
K ωIJ (20)
for k < n/2 − 1. The solutions for the higher order of k ≥ n/2 − 1 are not important in the following analysis. For
the convenience of later discussions, we derive the evolution equations for A(k+1) and C(k+1)I . Contracting ∇J with
Eq. (20), we obtain the evolution equation for C(k+1)I as
(k + 1)(n+ 2k + 2)
2(n+ 2k)
C˙
(k+2)
I = −
n− 4
2(n+ 2k − 4)∇IA
(k+1) − 1
4
∇2C(k+1)I
+
1
16
[
n2 − 6n− (4k2 + 4k − 12)
]
C
(k+1)
I . (21)
Contracting ∇I with Eq. (21) and using the solutions of the constraint equations (14) and (16), we have the evolution
equation for A(k+1) as
A˙(k+2) = − n+ 2k − 2
2(k + 1)(n+ 2k + 2)
∇2A(k+1) + (n+ 2k − 2)
2(n− 2k − 4)
8(k + 1)(n+ 2k + 2)
A(k+1). (22)
C. Asymptotic symmetry
The asymptotic symmetry is the global symmetry at null infinity generated by the coordinate transformations
preserving the gauge and boundary conditions in the Bondi coordinates (1). The variation of the metric δgab due to
the coordinate transformation generated by ξa is given by
δgab = ∇ˆaξb + ∇ˆbξa, (23)
where ∇ˆa is the covariant derivative with respect to gab. From Eqs. (1) and (2), the gauge conditions to be satisfied
are
δgrr = 0 , δgrI = 0 , g
IJδgIJ = 0. (24)
2 We found a minor error in Eq. (32) of Ref. [10], corresponding to Eq. (19) in the current paper. But it does not affect the results/all
equations presented there except for Eq. (32).
5From Eqs. (7) and (8), the boundary conditions to be preserved by the coordinate transformations are
δguu = O(r
−(n/2−1)) , δguI = O(r
−(n/2−2)) , δgIJ = O(r
n/2−3). (25)
To satisfy Eq. (24), the generator of the asymptotic symmetry ξ becomes
ξu = f(u, xI), (26)
ξI = f I(u, xI) +
∫
dr
eB
r2
hIJ∇Jf, (27)
ξr = − r
n− 2
(
CI∇If +∇IξI
)
. (28)
f(u, xI) and f I(u, xI) are the integration functions in the r integration of the equation δgrr = 0 and δgrI = 0. The
asymptotic symmetry is the group generated by f and f I .
The boundary conditions (25) give the equations which f and f I should satisfy as
∂uf
I = 0, (29)
∇IfJ +∇JfI = 2∇Kf
K
n− 2 ωIJ , ∇If
I = (n− 2)∂f
∂u
, (30)
∇I∇Jf = ∇
2f
n− 2ωIJ . (31)
Note that Eq. (31) is required only in n > 4 dimensions. In the following, for the moment, we discuss the asymptotic
symmetry in n > 4 dimensions. We will comment on the four dimensional case later.
From Eq. (29), we find f I = f I(xI). f I is the vector on Sn−2 and Eq. (30) implies that f I generates the conformal
isometry on Sn−2. The conformal group of Sn−2 is SO(1, n−1), which is the Lorentz group. Thus f I is the generator
of the Lorentz group.
Integrating the trace part of Eq. (30), we obtain
f =
F (xI)
n− 2 u+ α(x
I), (32)
where F ≡ ∇If I and α(xI) is the integration function on Sn−2. Note that the transverse part f (tra)I of f I which
satisfies ∇If (tra)I = 0 is nothing but the Killing vector on Sn−2, that is, the generator of SO(n − 1). This Killing
vector plays an important role in defining the angular-momentum later.
Now Eq. (31) gives the equation which α should satisfy as
∇I∇Jα = 1
n− 2ωIJ∇
2α. (33)
The general solutions of this equation are the l = 0 and l = 1 modes of the scalar harmonics on Sn−2. Note that the
l = 1 modes satisfy ∇I∇Jα = −αωIJ too. From Eq. (31), we find that F (xI) should satisfy ∇2F + (n − 2)F = 0.
The solutions of this equation are the l = 1 modes of the scalar harmonics on Sn−2. These results mean that the
functions α(xI) and F (xI) are the generators of the translation and Lorentz boost respectively, and f represents the
semi-direct property of the Lorentz group and translation. Then it turns out that the asymptotic symmetry is the
semi-direct group of the Lorentz group and translation, which is the Poincare´ group, in n > 4 dimensions.
In four dimensions, Eqs. (29) and (30) are required while Eq. (31) is not. Therefore f I generates the Lorentz group
and f can be written as Eq. (32) in n = 4 dimensions. However, there are no constraints on α in four dimensions
because of the absence of Eq. (31). Thus, α(xI) is the arbitrary function on S2 and generates so called supertranslation,
not translation. The asymptotic symmetry in four dimensions is the semi-direct group of the Lorentz group and the
supertranslation. This supertranslation leads the ambiguity to the definition of the angular momentum at null infinity
in four dimensions.
III. BONDI ANGULAR MOMENTUM AND RADIATION FORMULA
In this section, we will define the Bondi angular momentum. In the pedagogical aspect, we describe the definition
of the Bondi mass too given in our previous work [10].
6A. Bondi mass and angular momentum
We define the Bondi mass and angular momentum. In the Bondi coordinates, guu and guI can be expanded near
null infinity as
guu = −1−
k<n/2−2∑
k=0
A(k+1)
rn/2+k−1
+
m(u, xI)
rn−3
+O(r−(n−5/2)) (34)
and
guI =
k<n/2−1∑
k=0
C
(k+1)
I
rn/2+k−2
+
jI(u, x
I) + h
(1)
IJ C
(1)J
rn−3
+O(r−(n−5/2)). (35)
The functions m and jI are the integration functions and they are free functions on the initial surface u = u0.
The Bondi mass MBondi and momentum P
i
Bondi are defined by [10]
MBondi(u) ≡ n− 2
16pi
∫
Sn−2
mdΩ,
P iBondi(u) ≡
n− 2
16pi
∫
Sn−2
mxˆ(i)dΩ,
(36)
where xˆ(i) is the scalar function on Sn−2 satisfying ∇I∇J xˆ(i) + ωIJ xˆ(i) = 0. These functions are the l = 1 modes of
the scalar harmonic on Sn−2, which are defined by xˆ(i) = x(i)/ρ in the Cartesian coordinates {x(i)} of the (n − 1)-
dimensional Euclidean flat space. Here Sn−2 is embedded into the (n − 1)-dimensional Euclidean flat space as
ρ2 =
∑n−1
i=1 (x
(i))2. The indices i represent the directions of the translation. Note that A(k+1) for k < n/2 − 2 does
not contribute to the global quantities at null infinities because A(k+1) and xˆ(i)A(k+1) are written as the form of total
derivative [see Eq. (16)]. For the details, see Eq. (80) and Appendix B in Ref. [10].
The Bondi energy-momentum vector PµBondi = (MBondi, P
i
Bondi) is defined as the n-dimensional vector at null infinity.
In the definition of PµBondi, we introduce the n-dimensional vector by xˆ
µ = (1, xˆ(i)). This vector can be naturally
identified to the bases in the n-dimensional Minkowski spacetime as mentioned in the next section. Thus the Bondi
energy-momentum vector PµBondi can be also regarded as a vector in the Minkowski spacetime. In the following, the
Greek indices represent the index in Minkowski spacetime.
The Bondi angular momentum JBondi(p) is defined by
JBondi(p) = −
n− 1
16piG
∫
Sn−2
ϕI(p)jIdΩ, (37)
where ϕI(p) is the Killing vector of the round metric ωIJ on S
n−2. p labels the Killing vectors and 1 ≤ p ≤ (n −
1)(n − 2)/2. Note that the Bondi angular momentum in five dimensions were defined for the Killing vectors which
commute mutually in Ref. [9]. In this paper, we generalized this to define the Bondi angular momentum in arbitrary
dimensions for all Killing vectors. The ⌊n−12 ⌋ independent angular momenta are, of course, given by the mutually
commuting Killing vectors.
Here we show that the first term in Eq. (35) does not contribute to the Bondi angular momentum. This is because
ϕI(p)C
(k+1)
I for k < n/2− 1 can be written as the total derivative as
ϕI(p)C
(k+1)
I =
2(n+ 2k − 2)
(n+ 2k)(n− 2k − 2)ϕ
I
(p)∇Jh(k+1)IJ
=
2(n+ 2k − 2)
(n+ 2k)(n− 2k − 2)∇
J
(
ϕI(p)h
(k+1)
IJ
)
, (38)
where we used Eq. (14) and the Killing equation ∇Iϕ(p)J+∇Jϕ(p)I = 0. The term of h(1)IJ C(1)J in Eq. (35) is nothing,
but it just comes from the lowering of the index of the metric. Therefore, we will not think that it contributes to the
angular momentum. This will be also confirmed later when one considers the transformation property generated by
asymptotic symmetry at null infinity (Sec. IV).
7B. Radiation formula
The functions m and jI are free functions on the initial surface u = u0. The evolutions of these quantities are
determined from the Einstein equations. The Einstein equation Rˆrr = 0 (see Eq. (16) in Ref. [10]) can be expanded
near null infinity as
Rˆrr =
k<n/2−2∑
k=0
(Rˆrr)(k+1)
rn/2+k−1
+
(Rˆrr)(n/2−1)
rn−3
+O
(
1
rn−5/2
)
. (39)
The equations (Rˆrr)(k+1) = 0 for k < n/2 − 2 provide us Eq. (22) again and has no new informations. This feature
is guaranteed by the Bianchi identity. The equation (Rˆrr)(n/2−1) = 0 describes the evolution of the function m as
m˙ = − 1
2(n− 2) h˙
(1)
IJ h˙
(1)IJ +
n− 5
n− 2∇
IC
(n/2−2)
I +
1
n− 2∇
2A(n/2−2). (40)
Integrating this equation on the unit (n− 2)-dimensional sphere, we obtain the Bondi mass-loss law
d
du
MBondi = − 1
32pi
∫
Sn−2
h˙
(1)
IJ h˙
(1)IJdΩ ≤ 0. (41)
The above implies that the Bondi mass always decreases by radiating the gravitational waves in any dimensions. In
other words, the gravitational waves carry the positive energy flux to null infinity in any dimensions.
The Einstein equations RˆrI = 0 contain the evolution equations of jI . Rˆ
rI can be expanded near null infinity as
(see Eq. (19) in Ref. [10])
ϕ(p)IRˆ
rI =
k<n/2−1∑
k=0
ϕ(p)I(Rˆ
rI)(k+1)
rn/2+k−1
+
ϕ(p)I(Rˆ
rI)(n/2)
rn−2
+O
(
1
rn−3/2
)
. (42)
The equations ϕ(p)I(Rˆ
rI)(k+1) = 0 for k < n/2 − 1 provide us Eq. (21) again. It is also guaranteed by the Bianchi
identity. The equation ϕ(p)I(Rˆ
rI)(n/2) = 0 presents the evolution equation of jI as
− (n− 1)ϕI(p)j˙I = ϕI(p)
[
∂u(h
(1)
IJ∇Kh(1)JK) + h(1)JK∇J h˙(1)IK +∇Kh(1)JK h˙(1)IJ +
1
2
h˙(1)JK∇Ih(1)JK
]
−ϕI(p)
[
∇Im−∇IB˙(1)+∇J h˙(n/2)IJ +(n− 3)∇Jh(n/2−1)IJ
]
+ 2ϕI(p)∇J∇(IC(n/2−1)J)
= ϕI(p)
[
2h˙
(1)
IJ∇Kh(1)JK −∇Kh(1)IJ h˙(1)JK +
1
2
h˙(1)JK∇Ih(1)JK
]
+∇I
[
ϕJ(p)∂u(h
(1)
JKh
(1)IK) + ϕI(p)(−m+ B˙(1))− ϕ(p)J h˙(n/2)IJ
−(n− 3)ϕ(p)Jh(n/2−1)IJ + ϕJ(p)∇IC(n/2−1)J − C(n/2−1)J ∇IϕJ(p)
]
, (43)
where we used the Killing equation, ∇Iϕ(p)J +∇Jϕ(p)I = 0.
Then, we can obtain the radiation formula of the Bondi angular momentum JBondi(p) as
d
du
JBondi(p) =
1
16piG
∫
Sn−2
ϕI(p)
[
2h˙
(1)
IJ∇Kh(1)JK −∇Kh(1)IJ h˙(1)JK +
1
2
h˙(1)JK∇Ih(1)JK
]
dΩ. (44)
This equation shows that the Bondi angular momentum is changed when the spacetime has time and angular depen-
dences. The radiation formula (44) is natural in this sense.
8IV. POINCARE´ COVARIANCE
In this section we consider the transformation of our Bondi mass MBondi and angular momentum J
Bondi
(p) generated
by the asymptotic symmetry. The validity of our definitions of the Bondi mass and angular momentum will be
supported by the fact that the Bondi mass and angular momentum are transformed covariantly with respect to the
asymptotic symmetry.
A. Poincare´ covariance
Let us investigate the transformation rule of the Bondi energy-momentum PµBondi and angular momentum J
Bondi
(p)
by the asymptotic symmetry. In particular, we focus the cases with f = α and f I = 0, which is the translation of the
Poincare´ group in n > 4 dimensions.
As we mentioned in Sec. II C, α(xI) can be decomposed into the l = 0 and l = 1 modes of the scalar harmonics
on Sn−2. Using these harmonics as bases xˆµ = (1, xˆ(i)), we can naturally introduce the translational vector αµ
in the n-dimensional Minkowski spacetime defined by α(xI) = αµxˆ
µ. Moreover, because the asymptotic symmetry
at null infinity is the Poincare´ group, we can identify asymptotic structure at null infinity with the n-dimensional
Minkowski spacetime and then obtain a natural map between quantities at null infinity and those of vector spaces in
the Minkowski spacetime. Then we can discuss the transformations of PµBondi and J
Bondi
(p) by the translational vector
αµ in the Minkowski spacetime.
In general, the energy-momentum vector Pµ and angular momentum Mµν in the Minkowski spacetime are expected
to be transformed by translation of the Poincare´ group as
Pµ → Pµ,
Mµν →Mµν − 2P[µαν],
(45)
where αµ is a translational vector. However, since the gravitational waves carry the energy and angular momentum to
null infinity, the Bondi energy-momentum PµBondi and angular momentum J
Bondi
(p) are changed under the translation.
Then, taking these effects into account, PµBondi and J
Bondi
(p) should be transformed as
PµBondi → PµBondi + αν
d
du
PµνBondi,
MBondiµν →MBondiµν − 2PBondi[µ αν] + αρ
d
du
MBondiµνρ ,
(46)
instead of Eq. (45). Note that the each space-space component ofMBondiµν corresponds to J
Bondi
(p) . From now on, we will
confirm these equations. The last terms in each transformations come from the effect of radiations and the concrete
expressions will be given later.
The generator of the translation f = α and f I = 0 can be expanded near null infinity as
ξu = α(xI), (47)
ξI = −1
r
∇Iα+
k<n/2−1∑
k=0
2h(k+1)IJ∇Jα
n+ 2k
1
rn/2+k
− 1
n− 1
1
rn−1
(
B(1)∇Iα− h(n/2)IJ∇Jα+h(1)ILh(1)JL ∇Jα
)
+O(r−(n−1/2)), (48)
ξr =
∇2α
n− 2 −
k<n/2−1∑
k=0
2
n+ 2k − 2
C(k+1)I∇Iα
rn/2+k−1
+O(r−(n−2)). (49)
B. Covariance of Bondi energy-momentum
Following Ref. [10], we briefly sketch the argument to show the covariance of the Bondi energy-momentum. The
Bondi energy-momentum PµBondi is defined from guu as in Eq. (36). To find the variation ofm, we look at the variation
9δguu. δguu can be expanded near null infinity as
δguu = 2∇ˆuξu
=
k<n/2−2∑
k=0
δg(k+1)uu r
−(n/2+k−1) +
δm
rn−3
+O(r−(n−5/2)), (50)
where
δg(k+1)uu =
2
n+ 2k
[∇2(αA(k)) + (n− 2)αA(k)] + 4
(n+ 2k)(n− 2k − 2)∇
I∇J(αh˙(k+1)IJ )
− 2(n+ 2k − 6)
(n+ 2k)(n− 2k − 2) [∇
I∇J (∇IαC(k)J ) + C(k)I ∇Iα] (51)
for 0 ≤ k < n/2− 2. δm is given by
δm = αm˙+
2
n− 3∇
IαC˙
(n/2−1)
I − (n− 4)αA(n/2−2) +∇Iα∇IA(n/2−2)
= − α
2(n− 2) h˙
(1)
IJ h˙
(1)IJ +
1
n− 2
[
∇2(αA(n/2−2)) + (n− 2)αA(n/2−2)
]
−n− 5
n− 2
[
∇I∇J(∇IαC(n/2−2)J ) + C(n/2−2)I ∇Iα
]
, (52)
where we used Eqs. (16) and (22). From Eq. (51) and the fact that xˆ(i) satisfies ∇I∇J xˆ(i) + xˆ(i)ωIJ = 0, we see∫
Sn−2
δg(k+1)uu = 0 (53)
and ∫
Sn−2
xˆ(i)δg(k+1)uu = 0 (54)
for k < n/2−2. This means that g(k+1)uu for k < n/2−2 does not contribute to the global quantities in the transformed
Bondi coordinates.
The variation of the Bondi energy-momentum δPµBondi can be obtained by integrating Eq. (52) as
δPµBondi =
n− 2
16piG
∫
Sn−2
xˆµδmdΩ
= − 1
16piG
∫
Sn−2
αxˆµh˙
(1)
IJ h˙
(1)IJdΩ
= −αν 1
16piG
∫
Sn−2
xˆµxˆν h˙
(1)
IJ h˙
(1)IJdΩ. (55)
In the last line of the above, we used α = αµxˆ
µ. Then we regard the right-hand side of this equation as ανdP
µν
Bondi/du
in Eq. (46)
d
du
PµνBondi = −
1
16piG
∫
Sn−2
xˆµxˆν h˙
(1)
IJ h˙
(1)IJdΩ. (56)
This means that the Bondi energy-momentum defined is transformed covariantly with respect to the Poincare´ group.
In particular, since the time-component becomes dPµ0Bondi/du = dP
µ
Bondi/du, we have
PµBondi → PµBondi + α
d
du
PµBondi, (57)
for the time-translation.
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C. Poincare´ covariance of Bondi angular momentum
Next we investigate the variation of the Bondi angular momentum JBondi(p) by the translation. The Bondi angular
momentum JBondi(p) is identified with a space-space component of M
Bondi
µν in Eq. (46). Thus, in the following, we
consider the space-space components. Note that the time-space component of MBondiµν represents the Lorentz boost.
The l = 0 mode of α generates the time-translation and the l = 1 modes generate the translations in the spatial
directions.
The Bondi angular momentum is defined using a part of guI as Eq. (37). The variation of the Bondi angular
momentum is given by
δJBondi(p) = −
n− 1
16piG
∫
Sn−2
ϕI(p)δjIdΩ. (58)
The variation δguI can be expanded as
δguI = ∇ˆuξI + ∇ˆIξu
=:
k<n/2−1∑
k=0
δg
(k+1)
uI
rn/2+k−2
+
δg
(n/2)
uI
rn−3
+O(r−(n−5/2)), (59)
where
δg
(k+1)
uI = −A(k)∇Iα+
2
n+ 2k − 4∇I(C
(k)J∇Jα) − C(k)J∇I∇Jα−∇Jα∇JC(k)I
−n+ 2k − 6
2(n− 2) C
(k)
I ∇2α+ αC˙(k+1)I +
2
n+ 2k
h˙
(k+1)
IJ ∇Jα (60)
for k < n/2− 1. Then we find
ϕI(p)δg
(k+1)
uI = ∇I
[
2
n+ 2k − 4ϕ
I
(p)C
(k)J∇Jα− 4(n− 4)
(n+ 2k)(n+ 2k − 6)ϕ
I
(p)αA
(k)
+
2
[
n2 + (4k − 10)n+ (4k2 − 12k + 16)
]
(n+ 2k)(n− 2k − 2)(n+ 2k − 4) C
(k)IϕJ(p)∇Jα
− 2
n+ 2k
[
αϕ(p)J∇IC(k)J − ϕJ(p)C(k)J ∇Iα− αC(k)J ∇IϕJ(p)
]
− ϕJ(p)C(k)J ∇Iα
+
n+ 2k − 4
n+ 2k
αϕ(p)Jh
(k)IJ +
2(n+ 2k − 6)
(n+ 2k)(n− 2k − 2)h
(k)IJ∇Kα∇Kϕ(p)J
+
n2 − 8n− 4k2 + 20
(n− 2)(n+ 2k)(n− 2k − 2)ϕ(p)Jh
(k)IJ∇2α
]
, (61)
where we used Eqs. (14), (16) and (21). Also we used the Killing equation ∇Iϕ(p)J + ∇Jϕ(p)I = 0 and ∇I∇Jα =
ωIJ∇2α/(n−2). Thus we could confirm again that g(k+1)uI for k < n/2−1 does not contribute to the global quantities
because it can be written by the total derivative as Eq. (61). For k = n/2 − 1, on the other hand, the variation
becomes
δg
(n/2)
uI = δ(jI + h
(1)
IJ C
(1)J)
= α∂u(jI + h
(1)
IJ C
(1)J) +
2
n
h
(1)
IJ ∂uh
(1)JL∇Lα+ 1
n− 3∇I(C
(n/2−1)
J ∇Jα)
+m∇Iα− C(n/2−1)J∇I∇Jα− 1
n− 1
(
∂uB
(1)∇Iα− h˙(n/2)IJ ∇Jα+∂u(h(1)IJ h(1)JK)∇Kα
)
−n− 4
n− 2C
(n/2−1)
I ∇2α−∇Jα∇JC(n/2−1)I . (62)
We must evaluate δjI to see the variation of the Bondi angular momentum. Therefore, we should subtract the
variation δ(h
(1)
IJ C
(1)J) from Eq. (62). The variation δC(1)I is given by
δC(1)I =
2
n
∇Jαh˙(1)IJ + αC˙(1)I , (63)
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from Eq. (60) for k = 0. Since δgIJ is
δgIJ = ∇ˆIξJ + ∇ˆJξI
= r2
(
αh˙
(1)
IJ
rn/2−1
+O(r−(n/2−1/2))
)
, (64)
we find δh
(1)
IJ = αh˙
(1)
IJ . Then we have
δ(h
(1)
IJ C
(1)J ) = α
(
h˙
(1)
IJ C
(1)J + h
(1)
IJ C˙
(1)J
)
+
2
n
h
(1)
IJ h˙
(1)JK∇Kα. (65)
Subtracting the above from Eq. (62), we obtain
ϕI(p)δjI = ϕ
I
(p)
[
αj˙I +
1
n− 3∇I(C
(n/2−1)
J ∇Jα) +m∇Iα− C(n/2−1)J∇I∇Jα
− 1
n− 1
(
B˙(1)∇Iα− h˙(n/2)IJ ∇Jα+ ∂u(h(1)IJ h(1)JK)∇Kα
)
− n− 4
n− 2C
(n/2−1)
I ∇2α−∇Jα∇JC(n/2−1)I
]
= − α
n− 1ϕ
I
(p)
[
2h˙
(1)
IJ∇Kh(1)JK −∇Kh(1)IJ h˙(1)JK +
1
2
h˙(1)JK∇Ih(1)JK
]
+
n− 2
n− 1mϕ
I
(p)∇Iα
+∇I
[
− 1
n− 1
[
αϕI(p)(B˙
(1) −m)− αϕ(p)J h˙(n/2)IJ + ∂u(h(1)IJ h(1)JK)∇Kα
+αϕJ(p)∇IC(n/2−1)J − αC(n/2−1)J ∇IϕJ(p)
]
+
1
n− 3ϕ
I
(p)C
(n/2−1)J∇Jα− n− 2
n− 1ϕ
JC
(n/2−1)
J ∇Iα
+
n− 3
n− 1
[
ϕ(p)Jh
(n/2−1)IJα+
1
(n− 2)2ϕ(p)Jh
(n/2−1)IJ∇2α+ n− 3
n− 2h
(n/2−1)IJ∇Kϕ(p)J∇Kα
]]
, (66)
where we used Eq. (43), the Killing equation ∇Iϕ(p)J +∇Jϕ(p)I = 0 and ∇I∇Jα = ωIJ∇2α/(n− 2).
Using Eq. (66), the variation of the Bondi angular momentum δJBondi(p) becomes
δJBondi(p) = −
n− 1
16piG
∫
Sn−2
ϕI(p)δjIdΩ
=
1
16piG
∫
Sn−2
αϕI(p)
[
2h˙
(1)
IJ∇Kh(1)JK −∇Kh(1)IJ h˙(1)JK +
1
2
h˙(1)JK∇Ih(1)JK
]
dΩ
−n− 2
16piG
∫
Sn−2
mϕI(p)∇IαdΩ. (67)
Note that the total derivative terms in Eq. (66) do not contribute to δJBondi(p) .
From the result of Eq. (67), we can show that Eq. (46) holds as follows. We note that a rotational Killing vector
ϕI(p) can be rewritten as ϕ
I
(p) = ϕij xˆ
(i)∇I xˆ(j) where ϕij is a constant anti-symmetric tensor with (n − 1)(n − 2)/2
independent components. Using the relation ∇I xˆ(i)∇I xˆ(j) = δij− xˆ(i)xˆ(j), we have ϕI(p)∇Iα = ϕijαj xˆ(i). Since JBondi(p)
is expressed by JBondi(p) = ϕ
ijMBondiij , Eq. (67) yields
ϕijMBondiij → ϕij
[
MBondiij − 2PBondi[i αj] + αµ
d
du
MBondiijµ
]
, (68)
where we wrote
ϕij
d
du
MBondiijµ =
1
16piG
∫
Sn−2
xˆµϕ
I
(p)
[
2h˙
(1)
IJ∇Kh(1)JK −∇Kh(1)IJ h˙(1)JK +
1
2
h˙(1)JK∇Ih(1)JK
]
dΩ. (69)
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Note that the indices µ, ν, . . . and i, j, . . . are raised and lowered by the n-dimensional Minkowski metric and
the (n − 1)-dimensional Euclidean flat metric, respectively. Consequently, we could show that the Bondi angular
momentum JBondi(p) is transformed covariantly as Eq. (46).
Here we have a comment on the four dimensional cases. Because there is no condition on α in four dimensions, we
cannot obtain the expressions corresponding to Eqs. (66) and (67). Therefore the Bondi angular momentum is not
transformed as Eq. (68) in four dimensions. In fact, the variation of the Bondi angular momentum has additional
contributions from supertranslations, which are given by l > 1 modes of spherical harmonics in α. This is called the
supertranslation ambiguity of the angular momentum at null infinity. Hence, we cannot have well-defined notion of
the angular momentum at null infinity in four dimensions.
V. SUMMARY AND OUTLOOK
In this paper we defined the Bondi angular momentum at null infinity in arbitrary higher dimensions and showed
its covariant property with respect to the asymptotic symmetry at null infinity. The asymptotic symmetry becomes
the Poincare´ group in higher dimensions than four. This means that we can choose the n directions of the translation
without any ambiguities at null infinity. Then the angular momentum with the rotational axis can be defined. In four
dimensions, on the other hand, the asymptotic symmetry at null infinities has the supertranslation, not the translation.
The supertranslation has the infinite directions of the translation. Hence there are ambiguities of the choice of the
rotational axis. This effects of the freedom in the definition of the rotational axis due to the supertranslation cannot
be distinguished from the contributions of the variation of angular momentum by gravitational waves. This is the
reason why we cannot define the angular momentum at null infinity in four dimensions.
As one of applications of our analysis, there is the investigation of the peeling theorem in higher dimensions
[14, 15, 21]. The peeling property has played an important role in the study of the gravity in four dimensions, such
as the stability analysis of black holes and construction of the exact solutions. We expect that the peeling theorem
is useful in higher dimensions too. Using our results, general higher dimensional spacetimes with gravitational waves
are classified by the decaying rate of the Weyl tensor or some geometric quantities. The effort for this direction has
been reported [21].
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